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Dynamics of excitons and excitonic molecules in CuCl nanocrystals were investigated by means of both
picosecond time-resolved luminescence and femtosecond transient absorption. Stochastic as well as rate-
equation treatments are made to explain the temporal changes of both luminescence and absorption. In the
stochastic treatment, a Monte Carlo simulation is made for 105 nanocrystals with the initial condition that the
exciton number distribution follows the Poisson distribution. The stochastic treatment satisfactorily explains all
the experimental results, while the rate-equation treatment does not. Success of the stochastic treatment shows
the unique property of the dynamics of excitons and excitonic molecules in quantum dots arising from dis-
creteness of the exciton number. @S0163-1829~96!04120-3#
I. INTRODUCTION
Semiconductor nanometer-size microcrystallites ~nano-
crystals! have attracted considerable attention, since the
quantum size effect was observed in them.1–4 They are con-
sidered to be hopeful as nonlinear optical materials and laser
materials. In semiconductor nanocrystals, three-dimensional
confinement of carriers is fulfilled and is expected to give the
system more gain for lasing. In fact, the high optical gain and
the lasing due to excitonic molecules have been observed in
CuCl nanocrystals embedded in NaCl crystals.5 Dynamics of
excitons and excitonic molecules confined in quantum dots
are expected to be different from those in bulk materials. The
difference should be clarified by the careful time-resolved
investigation. This leads to understanding characteristic dy-
namics of excitons and excitonic molecules in quantum dots.
The CuCl quantum dot is an ideal system for the investi-
gation of the dynamics of excitons and excitonic molecules
confined in quantum dots, because excitons and excitonic
molecules are most stable in this material and because the
confinement modifies little the envelope wave function of
excitons. Over the past few years, ultrafast optical measure-
ments such as time-resolved luminescence6,7 and pump-and-
probe measurement8–10 have been made on CuCl nanocrys-
tals by using picosecond or subpicosecond laser pulses.
However, we are confronted by difficulties in understanding
the dynamics of excitons and excitonic molecules in nanoc-
rystals. The difficulty is in the explanation of the experimen-
tal result of time-resolved luminescence of CuCl nanocrys-
tals embedded in a NaCl crystal.6 The authors had attempted
to fit the rate-equation calculation to the luminescence tem-
poral changes of both the Z3 exciton and the excitonic mol-
ecule. To explain the experimental result, they had to assume
that excitonic molecules are created by pump laser pulses
instantaneously as well as by excitons. This is a questionable
assumption, since excitonic molecules are thought to be
formed from two excitons under the excitation of the exciton
band. Another difficulty is in the interpretation of the result
of the pump-and-probe measurement.8 The authors have
measured the transient absorption change and time-resolved
luminescence of CuCl nanocrystals embedded in a NaCl
crystal under the band-to-band excitation at 77 K. A strange
point to be noted is that the quick rise of excitonic molecule
luminescence is not associated with the quick decay of exci-
ton luminescence. The quick rise of excitonic molecule
population is explained by the fast formation rate of exci-
tonic molecules. However, the fast formation rate simulta-
neously gives the quick decay of the exciton population. This
contradicts the experimental result.
We have faced these difficulties on the basis of the rate-
equation analysis of excitons and excitonic molecules. In the
rate-equation analysis, number densities of excitons and ex-
citonic molecules, which are defined by the ensemble aver-
age number of excitons and excitonic molecules in nanocrys-
tals, are treated as continuous real numbers. However, it
must be noticed that the number of excitons and excitonic
molecules in nanocrystals should be not continuous real
numbers, but discrete integers. Under the sufficiently low-
density excitation, the exciton number in most nanocrystals
is 0 or 1. If more than 2 excitons exist in a nanocrystal,
excitonic molecules can be formed. However, if only 1 ex-
citon exists in a nanocrystal, excitonic molecule formation
will never occur. On the other hand, even if the number
density of the exciton is 1, the excitonic molecule formation
term works in the rate-equation analysis. Hence, this dis-
creteness should modify the dynamics of the exciton-
excitonic molecule system in quantum dots from those de-
rived by the rate-equation analysis. However, the influence
has not been clarified yet.
In this study, we measured time-resolved luminescence of
excitons and excitonic molecules in CuCl nanocrystals. Si-
multaneously, we measured the transient absorption change
by means of the pump-and-probe method under exactly the
same excitation condition. Both of these data are consistently
explained by a stochastic model. This model describes the
dynamics of excitons and excitonic molecules in nanocrys-
tals by means of Monte Carlo simulation with the initial
condition that the exciton number distribution follows the
Poisson distribution.
II. EXPERIMENTAL PROCEDURES
The excitation laser source was a self-mode-locked tita-
nium sapphire laser and a titanium sapphire regenerative am-
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plifier. The output energy was 100 mJ, the pulse duration
approximately 300 fs, and the repetition rate 1 kHz. The
amplified output of the laser pulses was converted to its sec-
ond harmonic, and the second-harmonic near-ultraviolet
pulses were used as excitation pulses. Peak energy of the
excitation pulse was 3.27 eV, corresponding to the slightly
high-energy side of the Z3 exciton structure of the sample.
The exciting beam was focused on the sample surface with a
spot diameter of 200 mm, and the maximum power density
was estimated to be 1.6 mJ/cm2. For the time-resolved lumi-
nescence studies, a double monochromator with subtractive
dispersion and a synchroscan streak camera were used. Time
resolution of the measurement was about 30 ps. For the
pump-and-probe measurement, the same excitation pulses
were used for the pump pulses under the same excitation
condition. Here the same excitation condition means that ex-
actly the same optical alignment was used for both the time-
resolved experiment and the pump-and-probe experiment.11
A part of the amplified output of the laser pulses was focused
in a sapphire crystal to generate the white continuum; the
filtered output of the white continuum was used as a probe
beam. This probe beam covered the spectral region down to
360 nm. The time-resolved transmission spectra were re-
corded by a spectrometer and a liquid-nitrogen-cooled CCD
~charge-coupled device! multichannel detector. Chirping due
to the group velocity dispersion in optical elements is cor-
rected in our analysis.
A single crystal of NaCl heavily doped with CuCl was
prepared by means of the transverse Bridgman method. CuCl
nanocrystals were grown by means of the heat treatment per-
formed upon the heavily doped single crystal.12 The crystal
was cleaved into small pieces of 5 mm35 mm3110 mm.
The mean radius of nanocrystals was estimated by small-
angle x-ray scattering measurement and was found to be 4.2
nm. The sample was immersed directly into liquid nitrogen
in an optical cryostat.
III. NUMERICAL ANALYSIS, EXPERIMENTAL RESULTS,
AND DISCUSSIONS
In bulk CuCl crystals, population dynamics of excitons
and excitonic molecules have been well described by the
following rate equations:13,14
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Here Nex and Nm are number density of excitons and exci-
tonic molecules normalized by the number density of exci-
tons at time zero, respectively, and the parameter a is the
formation rate of excitonic molecules. tex and tm are the
radiative lifetime of excitons and excitonic molecules, re-
spectively. The second term of the right-hand side of these
equations represents an excitonic molecule formation pro-
cess as a result of the interaction between two excitons. Nu-
merical solutions of these rate equations for a ranging from
1/ns to 1000/ns under the initial conditions, Nex~0!51, and
Nm~0!50, are shown in Fig. 1.
Figure 2 shows the temporal changes of the luminescence
of the Z3 exciton and the excitonic molecule and time-
integrated luminescence spectrum under the excitation den-
sity of 810 mJ/cm2. The Z3 exciton denoted in Fig. 2 is the
lowest exciton in two series of excitons, Z3 and Z1,2, in CuCl
made up of a common G6 electron state and two different
FIG. 1. Numerical solutions of rate equations shown in the text
under the initial conditions, Nex~t50!51 and Nm~t50!50. Curves
1, 2, 3, and 4 correspond to a51, 10, 100, and 1000/ns, respec-
tively. The upper figure shows the temporal change of the exciton
density, while the lower figure that of the excitonic molecule den-
sity. The other parameters used are tex5800 ps and tm570 ps.
FIG. 2. Upper figure: time-integrated luminescence spectrum of
CuCl nanocrystals embedded in a NaCl crystal under the excitation
density of 810 mJ/cm2 ~solid line!. The dashed line shows the ex-
citation laser spectrum. Lower figure: temporal change of the lumi-
nescence intensity of exciton and excitonic molecule indicated by
dotted lines. Exciton luminescence shows a delayed peak indicated
by an arrow, while excitonic molecule luminescence has a short rise
time within the experimental time resolution. A dashed line indi-
cates the exponential decay with decay time constant of 800 ps. A
Solid line shows the results of the Monte Carlo simulation de-
scribed in the text. The fitting is good for temporal changes of both
excitons and excitonic molecules.
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hole states.15 A G7 hole and a G6 electron make the Z3 exci-
ton, while a G8 hole and a G6 electron make the Z1,2 exciton.
The time-resolved exciton luminescence intensity shows a
delayed peak at about 200 ps and thereafter decays exponen-
tially with a decay time of 800 ps. On the other hand, exci-
tonic molecule luminescence rises quickly within the time
resolution of 30 ps and decays with a decay time of 70 ps.
The important point to be noted is that the delayed peak of
exciton luminescence and the rapid rise of excitonic mol-
ecule luminescence are observed simultaneously.
As we have mentioned before, we must assume that exci-
tonic molecules are instantaneously created by pump laser
pulses to explain the quick rise of excitonic molecule lumi-
nescence by means of the rate-equation analysis. Otherwise,
a parameter a should be very large in an order of 100/ns for
the explanation of the observed rapid rise of excitonic mol-
ecule luminescence. Then, however, we cannot explain the
delayed peak in the temporal change of exciton lumines-
cence, as is shown in Fig. 1. Further, the rate-equation analy-
sis cannot derive the delayed peak for arbitrary value of a.
We have analyzed the experimental result on the stochas-
tic model by means of the Monte Carlo simulation16 of the
temporal change of excitons and excitonic molecules. The
details of the simulation are as follows: At t50, the numbers
of excitons in nanocrystals follow the Poisson distribution.
The size distribution of the nanocrystals is not considered.
We assume that excitons cannot travel from one nanocrystal
to other nanocrystals. If the number of excitons in a nanoc-
rystal is 1, there are only two possibilities in the next time
step. One is that the exciton will decay radiatively with a
probability of 1/tex and the other is that the exciton continues
surviving with a probability of 121/tex . On the other hand,
if more than two excitons exist in a nanocrystal, excitonic
molecule formation occurs with a probability of 1/tf in ad-
dition to the above-mentioned processes, as illustrated in Fig.
3. tf is the formation time of an excitonic molecule. We
assumed the formation probability is proportional to the ratio
of the effective formation volume to the total volume of a
nanocrystal, where the effective formation volume for each
exciton is defined by the volume of the sphere whose radius
is the average distance between two excitons forming the
excitonic molecule. For example, when an exciton exists in a
nanocrystal and another exciton is added, the probability that
the second exciton will be in the effective formation volume
for the first exciton is v/V . Here V and v are given by
~4/3!pR3 and ~4/3!pr3, respectively, where R is radius of
nanocrystals and r~51.5 nm! is the average distance between
two excitons forming excitonic molecules.17 When two exci-
tons exist in a nanocrystal and they do not form an excitonic
molecule, the probability that a third exciton will be in the
effective formation volume is 2v/V . In this way, an exci-
tonic molecule is formed with a larger probability from three
excitons than from two excitons. Changing the excitation
density corresponds to varying the mean of the Poisson dis-
tribution l.
Now, let us compare the rate-equation analysis and the
stochastic model. The results of the Monte Carlo simulation
are shown in Fig. 4. Simulations are done for 105 nanocrys-
FIG. 3. Schematic explanation of the Monte Carlo simulation.
~a! The case that one exciton exists in a nanocrystal. In the next
step, the exciton will decay radiatively with probability 1/tex or
continue surviving. ~b! The case that more than two excitons exist.
In the next step, the exciton will decay radiatively, continue surviv-
ing, or form an excitonic molecule with probability 1/tf . Thereaf-
ter, the excitonic molecule will decay radiatively leaving an exciton
behind with probability 1/tm . If another exciton exists in the nanoc-
rystal, an excitonic molecule may be formed again.
FIG. 4. Solid lines show the results of the Monte Carlo simula-
tion. The temporal change of the exciton number density is shown
in ~a!, while that of excitonic-molecule number density is shown in
~b!. Curves 1, 2, 3, and 4 correspond to l50.5, 1.0, 2.0, and 3.0,
respectively. Delayed peaks are observed in ~a!. Dashed lines cor-
respond to l51.5 and they are used to fit the temporal lumines-
cence intensities in Fig. 2.
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tals. Solid lines in ~a! and ~b! are the sum of the numbers of
excitons and excitonic molecules in 105 nanocrystals divided
by the number of nanocrystals, 105, respectively. Number
densities are defined by them. The formation time of the
excitonic molecule tf is 4 ps, and other parameters tex and
tm have the same values that are used in the rate-equation
calculation. The most important difference between the re-
sult of the stochastic model and that of the rate-equation
analysis is as follow: The temporal change of the number
density of excitons clearly shows a delayed peak at 200 ps on
the stochastic model, while it cannot be observed in the rate-
equation analysis, as we have seen. The reason for this result
is not so hard to see. In the stochastic model, excitonic mol-
ecules can hardly be formed after the formation time tf ,
because the exciton number is 1 or 0 in most nanocrystals.
This means the exciton number density does not decrease by
the excitonic molecule formation process after tf . It in-
creases, however, by the radiative decay of excitonic mol-
ecules, if the number of decayed excitonic molecules is
larger than the number of radiatively annihilated excitons. As
a result, the delayed peak arises. On the other hand, in rate-
equation analysis excitonic molecules can be formed at the
nonzero rate as long as excitons exist.
Simulated number densities of radiatively annihilated ex-
citons and excitonic molecules are plotted by solid lines in
the lower part of Fig. 2. Here, convoluted curves with the
time resolution of 30 ps are shown. The mean of the Poisson
distribution, l, is 1.5. The fitting is good. The delayed peak
of the exciton luminescence and the rapid rise of excitonic
molecule luminescence are well reproduced simultaneously.
As we mentioned above, these characteristics cannot be re-
produced simultaneously by the rate-equation analysis. It fol-
lows from what has been said that the discrete number of
excitons in a nanocrystal affects the dynamics of excitons
and excitonic molecules in a nanocrystal.
Next, let us discuss how to explain the result of subpico-
second pump-and-probe measurement by using the simula-
tion. As we will see below, the rate-equation treatment is not
suitable for the explanation of the transient absorption
change. The rate-equation treatment requires that a should
be very large to account for the fast rise of the optical gain
observed in the transient absorption measurement, while
large a simultaneously decreases the ratio of the time-
integrated exciton density to that of the excitonic molecule.
The small ratio contradicts the ratio used for the explanation
of the observed temporal change of the blueshift of the
Z3-exciton absorption. It also contradicts the ratio derived
from the time-resolved luminescence measurement.
At the upper part of Fig. 5, a solid line and a dotted line
indicate the absorption spectrum at 10 ps obtained without
the pump beam and with the pump beam, respectively. The
excitation density of 810 mJ/cm2 is the same as is used in the
time-resolved luminescence experiment. The blueshift and
the broadening are observed for the Z3- and Z1,2-exciton
bands. The absorption change of the Z1,2 exciton is observed
even under the Z3-exciton resonant excitation, because the
Z1,2 exciton and the Z3 exciton consist of the common G6
electron, as mentioned before. The time-resolved differential
absorption is shown at the lower part of Fig. 5. In addition to
the absorption change for the Z3 and Z1,2 excitons, optical
gain and loss are observed at the energy of excitonic mol-
ecule luminescence. It was reported that a moment analysis
method was useful in separating contributions of the shift
and of the broadening.8 We also applied moment analysis to
the spectra around the Z3 and Z1,2 excitons. It is found that
saturation, that is the decrease of the zeroth moment, and
FIG. 6. Temporal changes of the blue energy shift of the
Z3-exciton band ~d! and the optical gain ~s!. The inset shows the
temporal changes on the expanded time scale. The solid and dashed
lines show Nex12Nm and Nm2kNex obtained from the result of the
simulation with l51.5, respectively.
FIG. 5. The time-resolved absorption spectrum and the differ-
ential absorption spectra of CuCl nanocrystals measured by means
of the pump-and-probe experiment. Upper figure: the solid line
shows the absorption spectrum without the pump beam and the
dashed line shows the absorption spectrum at 10 ps after the exci-
tation. Lower figure: Differential absorption spectra at different
time delays. Bleaching and optical gain are found at the energy
positions of the Z3-exciton band and the excitonic molecule lumi-
nescence, respectively.
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broadening, that is the increase of the second moment, are
observed only within 100 ps, and their decay time constant is
shorter than both exciton lifetime and excitonic molecule
lifetime measured by the time-resolved luminescence. They
are thought to be due to the thermalization of hot excitons.
After 100 ps, the absorption change of the Z3 exciton is
dominated by the blueshift, that is the increase of the first
moment. The exciton blueshift is explained by the phase
space filling and the exchange effect of excitons and is pro-
portional to the exciton density.18,19 Thus, the population of
the exciton is most directly reflected in the blueshift. There-
fore we deal mainly with the peak shift of the Z3 exciton.
The energy shift of the Z3-exciton band ~solid circles! and
the optical gain ~open circles! are plotted in Fig. 6 as a func-
tion of the delay time between the pump and the probe. The
blueshift of the Z3 exciton shows the two-component decay.
The decay time of the slow component agrees with the exci-
ton lifetime measured in the luminescence experiment. On
the other hand, the fast decay component agrees with the
excitonic molecule lifetime. Therefore, the slow decay com-
ponent of the blueshift of the Z3 exciton is caused by exci-
tons existing in nanocrystals, while the fast decay component
is due to excitonic molecules existing in nanocrystals. The
optical gain decreases with the excitonic molecule lifetime
and changes to loss at 200 ps after the excitation. The optical
gain comes from the induced emission due to the transition
from excitonic molecule to exciton and loss comes from the
induced absorption due to the inverse transition.
The inset shows the temporal change near the time origin.
The maximum of the gain is attained at about 10 ps, after the
blueshift of the Z3-exciton band reaches its maximum. This
means that excitonic molecules are formed surely from exci-
tons with a certain formation time.
We explain these experimental results on the stochastic
model. The exciton blueshift comes from the phase-space
filling and the exchange of an exciton. Since an excitonic
molecule consists of two excitons, it is likely that an exci-
tonic molecule contributes to the shift of the exciton band as
two excitons do. In fact, the calculated curve of Nex12Nm
based on the simulation result with l51.5 agrees with the
experimental result, as shown in Fig. 6. In the simulation
shown in Fig. 2, the exciton population decreases rapidly due
to the formation of the excitonic molecule. As far as the
blueshift of the Z3 exciton is concerned, however, the de-
crease is compensated by the created excitonic molecules
because of the equality of an excitonic molecule and two
excitons in our assumption. As a consequence, the blueshift
of the Z3 exciton decreases with the decay time constant of
the lifetime of the excitonic molecule, which is the net decay
time constant of Nex12Nm .
On the other hand, it is considered that the gain and the
loss are related to the difference between numbers of exci-
tons and excitonic molecules. We have calculated Nm2kNex
by using simulated values of Nex and Nm , and plotted in Fig.
6 by a broken line. Temporal change of gain and loss are
well reproduced, if the value of k is set to 0.12. The
Z3-exciton states consist of a longitudinal mode and two
transverse modes. The optical gain is considered to come
from the population inversion between the excitonic mol-
ecule state and mainly the longitudinal exciton state. The
population of the longitudinal exciton is estimated to be 0.22
of the transverse exciton population at 77 K considering their
energy difference of 5.5 meV and multiplicity of 2 for trans-
verse modes. The fitted value is smaller than the estimation.
We cannot explain this disagreement.
In the rate-equation treatment, the parameter a should be
very large to derive the fast rise of the optical gain seen in
Fig. 6. However, very large a simultaneously equates the
decay time of Nex12Nm to the lifetime of the excitonic mol-
ecule. As a result, Nex12Nm decays nearly exponentially at
the lifetime of the excitonic molecule. This contradicts the
observed two-component decay seen in Fig. 6.
In Fig. 7, the temporal change of the blueshift of the Z3
exciton is plotted for four excitation densities. Increase of the
fast decay component is observed with increasing the exci-
tation density. Solid lines indicate the simulated values of
Nex12Nm for various l. We obtained good fits with the ex-
perimental result for all the excitation densities by changing
only l. The ratio of excitation density is 5.0:2.5:1.0:0.5,
while corresponding l is 2.0, 1.5, 1.0, and 0.7, respectively.
The number density of excitons increases with the increase
of the excitation density, but the increase shows the satura-
tion behavior. The saturation behavior is also observed in the
luminescence intensity.5 The reason why the number density
of excitons does not increase strictly in proportion to the
excitation density is not clear.
Another fast decay component is found at the lowest ex-
citation density. Its decay time is on the order of a few pico-
seconds, and shorter than the excitonic molecule lifetime.
We can ascribe the origin of the fast component to exciton
trapping at the surface state of the nanocrystal. A certain
number of traps independent of excitation density was added
to the simulation process. Since this component comes into
prominence with decreasing excitation density, the number
of traps is reasonably determined to be 10% of the total
number of nanocrystals. Including the traps to the simulation
has little effect on the simulated result for the higher excita-
tion density.
FIG. 7. Temporal change of the blueshift of the Z3-exciton band
for four excitation densities, 1.6 mJ/cm2 ~s!, 810 mJ/cm2 ~n!, 320
mJ/cm2 ~,!, and 160 mJ/cm2 ~h!. Solid lines indicate Nex12Nm
obtained from the results of the simulation with l52.0, 1.5, 1.0,
and 0.7, respectively.
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IV. CONCLUSION
Time-resolved luminescence and transient absorption
change were studied in CuCl nanocrystals embedded in a
NaCl crystal. The observed delayed peak in the temporal
change of the exciton luminescence and the rapid rise of the
excitonic molecule luminescence, which could not be de-
scribed by the rate-equation model, are well described by the
stochastic model. The transient absorption change of the
Z3-exciton band and the optical gain due to excitonic mol-
ecules are also explained. These results clearly indicate that
the discreteness of exciton number is important to the dy-
namics of excitons and excitonic molecules in nanocrystals.
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